We apply the theory for u 0 -positive operators to obtain eigenvalue comparison results for a fractional boundary value problem with the Caputo derivative.
Background
We are interested in comparison of the smallest positive eigenvalues for second order fractional boundary value problems First we show the existence of smallest positive eigenvalues for (1.1), (1.3) and (1.2), (1.3). Next we obtain a comparison result for the smallest positive eigenvalues. We rely on the theory of u 0 -positive operators with respect to a cone in a Banach space [13, 14] . Also, we make use of the sign properties of an appropriate Green's function.
The methods applied here have been successfully used by several authors in comparing eigenvalues for boundary value problems for both ordinary differential equations [1, 2, 4, 5, 6, 7, 10, 11, 15] and finite difference equations [8, 9] . Recently, Eloe and Neugebauer [5] obtained these type of results for a fractional order problem with the Riemann-Liouville derivative. We would like to extend their methodology to the fractional problem with the Caputo derivative.
In Section 2, we list preliminary definitions and fundamental results from the theory of u 0 -positive operators with respect to a cone in a Banach space. Section 2 also contains basic properties of the Caputo derivative, which are needed to transform the boundary value problem into an integral equation. In Section 3, we apply the results of Section 2 in comparing the smallest positive eigenvalues of (1.1), (1.3) and (1.2), (1.3).
Cones and u 0 -Positive Operators
This section contains definitions and elements of the cone theory which we will apply in the next section to the eigenvalue problems (1.1), (1.3) and (1.2), (1.3). The definitions and the first two theorems can be found in [13] . Definition 2.1. Let B be a Banach space over R. A nonempty, closed set P ⊂ B is said to be a cone provided (i) αu + βv ∈ P for all u, v ∈ P and all α, β ≥ 0, and (ii) u, −u ∈ P implies u = 0. A cone is said to be reproducing if B = P − P. A cone is said to be solid if P • = ∅, where P • denotes the interior of P. 
Let P ⊂ B be a cone and define u v if and only if v − u ∈ P. Then is a partial ordering on B and we will say that is the partial ordering induced by P. Moreover, B is a partially ordered Banach space with respect to . 
We conclude this section with some useful properties of the Caputo derivatives.
First, we define the Riemann-Liouville integral of fractional order α > 0, by the integral
Then the Caputo derivative of fractional order n − 1 < α ≤ n, is given by
The Caputo derivative and the Riemann-Liouville integral of order α > 0 satisfy D
1) and, with 1 < α < 2,
These basic properties can be found in [12] and can be extended to larger function spaces than C[0, 1] and C 2 [0, 1], respectively.
Eigenvalue Comparisons for the Boundary Value Problems
In order to apply the results of Section 2 concerning the theory of u 0 -positive operators, we now introduce a suitable Banach space, B, and a cone, P, in the Banach space. Define B by
and let the norm on B be defined by
Define the cone P ⊂ B by
Lemma 3.1. The cone P has nonempty interior and
Since u(0) > 0, there exists 1 > 0 such that u(0) > 1 and by continuity there exists δ 1 such that u(t) > 1 for all t ∈ [0, δ 1 ). Since u (1) < 0, there exists 2 > 0 such that u (1) + 2 < 0. Since u is continuous, there exists δ 2 > 0 such that u (t) + 2 < 0 for all t ∈ (δ 2 , 1]. So,
There exists 3 > 0 such that u(t) > 3 in (δ 1 , δ 2 ]. In summary, u(t) > 0 in [0, 1), and, as a result, u ∈ P.
Choose u ∈ Q and set = 
Krasnosel'skii [13] proved that every solid cone is reproducing.
Corollary 3.1. The cone P is solid and hence reproducing.
respectively, where G(t, s) is the Green function for −D α u(t) = 0 satisfying (1.3) . That is, 
G(t, s)p(s)u(s) ds.
That is,
Hence, the eigenvalues of (1.1), (1.3) are reciprocals of the eigenvalues of (3.1) and conversely. P r o o f. If we show that the eigenvalue problem (1.1), (1.3) is equivalent to the integral equation, the rest of the lemma will follow trivially. So, if u is an eigenfunction of (1.1), (1.3), then by (2.1),
Hence,
This is the case if and only if
0+ (λ 1 pu) (0) = 0, using the boundary conditions, we obtain
which is the integral equation with the Green kernel above. The converse is also true. P r o o f. We prove the statement is true for the operator L 1 . By Theorem 2.1, we only need to show that
Hence
The operators L 1 , L 2 : P → P are bounded and, by the Arzela-Ascoli Theorem, L 1 and L 2 are in fact compact operators. We are now prepared to apply Theorems 2.2 and 2.3 to obtain the eigenvalue comparison in question.
Then the operator L 1 has an essentially unique eigenvector u ∈ P • \ {0}, and the corresponding eigenvalue Λ is simple, positive, and larger than the absolute value of any other eigenvalue. P r o o f. The existence of such an eigenvalue Λ with eigenvector u ∈ P follows from Theorem 2.2. Since u ≡ 0, the proof of Lemma 3.3 shows
P r o o f. Let Λ 1 and Λ 2 be as in the statement of the theorem. Since by assumption p(t) ≤ q(t), we have, for u ∈ P,
and hence L 1 L 2 with respect to P. If u 1 , u 2 ∈ P • are the essentially unique eigenvectors given by Theorem 3.1 that correspond to Λ 1 and Λ 2 , respectively, Theorem 2.3 then yields Λ 1 ≤ Λ 2 .
For the final statement of the theorem, suppose that p(t 0 ) < q(t 0 ) for some t 0 ∈ (0, 1). The proof of Theorem 3.1 shows L 1 u 1 (t) > 0. As in the proof of Lemma 3.3, we have (
Since L 2 u 2 = Λ 2 u 2 , if we apply Theorem 2.2 to the operator L 2 , we have Λ 1 + ε ≤ Λ 2 or equivalently Λ 1 < Λ 2 . Conversely, Λ 1 = Λ 2 implies p(t) = q(t) for all t ∈ (0, 1).
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Since the eigenvalues of L 1 are reciprocals of the eigenvalues of (1.1), (1.3), and conversely, and by Theorems 3.1 and 3.2, we see that
Moreover, if p(t) ≤ q(t) and p(t) ≡ q(t), then
We are now able to state the following comparison theorem for smallest positive eigenvalues, λ 1 and λ 2 , of (1.1), (1.3) and (1.2), (1.3). 
